Introduction.
The problem of the best complete sequence in a separable Banach space appears already in Banach's book [1] . The story of this problem goes through the existence of the M-basis (Markushevich [7] , 1943), the existence of the norming M-basis (Mackey [6] , 1946) and other intermediate results (Davis- Johnson [2] , 1973); it culminates with a negative answer to the basis problem (Enflo [3] , 1973) and with the existence of the uniformly minimal norming M-basis (Ovsepian and Pelczynski [9] , 1975; refined by Pelczynski [10] , 1976).
The aim of this note is to study particular constructions of uniformly minimal norming M-bases.
In this direction three types of questions appear: (i) The regularization of a sequence (xn) of B with \xn\ of infinite dimension; indeed, by [9] there exists a uniformly minimal norming M-basis (zn) of [x"], but without any connection with (xn) more than the spanned space is the same. If (pn) is a sequence of positive integers let us say that (yn) is (pm)-ordered in (xn) if ym G span(in)">pm with pm+i > pm for every m, moreover limm^ooPm = oo.
Then the following connection is possible.
THEOREM I. For every (xn) in a Banach space, with [xn] of infinite dimension, there exists a 1-norming uniformly minimal M-basis (zn) of [xn], which is (pm)-ordered in (xn).
This construction is considered in §1.
(ii) The extension in a given direction: if (xn) is a uniformly norming M-basic sequence of a separable Banach space B, is it possible to extend (xn) to a uniformly minimal norming M-basis of 7?? In particular is it possible to effect the extension by adding elements of a subspace Y of B which is quasi complementary with [xn\!
The next theorem answers the question: THEOREM II. For every uniformly minimal norming sequence (xn) of a separable Banach space B there exists (yn) so that (xn) U (yn) becomes a uniformly minimal norming M-basis of B.
This construction is considered in §2; we show that in general it is not possible the extension in the direction of a given subspace Y which is quasi complementary to [xn] ; but this becomes possible if we only consider norming M-basis sequences; that is, if we do not require the uniformly minimal property.
We also consider the nonseparable case and on the way we give another very simple proof of Sobczyk's theorem.
(iii) The construction in given directions: if X and Y are quasi complementary subspaces of a separable Banach space B, does there exist a uniformly minimal This construction is considered in §3; we also see that it is not possible to improve the theorem by setting \xn) = X or [yn] = Y.
We already studied questions (i) and (ii) in [17, 18 and 19] ; here we only improve and complete these results. Question (iii) is new and expresses the true contribution of the note. Xi + ---+ X~ = B, Xnr\Xf + ---+ Xn_f + Xn+i + ■ ■ ■ + Xm = {0} for 1 < n < m. Now other standard definitions, which we give by means of elements of B* (in parentheses we recall an intrinsic characterization). If (xn) C B and (/n) C B* we say that (c) (xn, fn) is a biorthogonal system if fm(xn) = 6mn (Kronecker indices) for every m and n (o (xn) is minimal, that is xm £■ [z"]"^m for every m). If (xn,fn) is biorthogonal with (xn) complete in B we say that (xn) is (d) K-uniformly minimal where 0 < 7Í < 1 if sup{||x"|| • ||/n||; 1 < n < oo} = Moreover we use the following property of Krasnoselskii, Krein and Milman. V* [4] (see also [11, p. 269] ). If U and V are finite dimensional subspaces of B, with dimension of V > dimension of U, V has an element x ^ 0 which is "orthogonal" to U, that is dist(x,U) = ||x||. (
for every (vn)™=1 of 7? and for every subspace W of B. We need two lemmas.
LEMMA 1. Let (xn) be minimal and let (e") 6e a sequence of numbers with 0 < £n < 1 /or euer?/ n; men i/iere exist (tn) Ç (n) and a 6/ocfc perturbation (yn) of (xn) so that \\ytrn\\ = 1 and dist(ytm, [j/n]n#tm) > 1 -£m for every m.
PROOF. We shall proceed by induction.
Hence dist(zi, [xn]n>tl) > 1 -£1. Fix p > 1 and suppose we have (2TO)^l=1 in B and (£m)m=o 0I" increasing natural numbers, with io = 0, so that, for 1 < m < p, z'P+i G [in|l=i'p+i, ||Zp+ill < 1/(1-ep+i). Therefore, setting zp+1 = zp+i/||2p+ill. by (1) and (2) it follows that
that is we have (2) (1) and (2) diSt ( PROOF. By Theorem VI* we can suppose (xn) minimal; moreover, since to be norming is an intrinsic property of a sequence (see (f) in notation section) we can suppose X = B; therefore there exists (/") U (/") C B* so that (3) (xn, fn) is biorthogonal,
We proceed by induction. Set z'n = xn and gn = fn for 1 < n < 3; So proceeding we construct (z'n) and (gn) with (z'n,gn) biorthogonal, so that (4) is true for every m; hence by (3) (z'n) is a 1-norming M-basis of X. It is known (see for example [16, p. 175, Theorem X]) that there exist positive numbers (sn) so that (zn) C X with \\zn -z'n\\ < £n for every n imply that (zn) is a 1-norming M-basis of X. Now (z'n) C [xn] and by (4) fm(z'n) -0 for n > 2m for every m; therefore there exists (zn) with zm G span(xn)n>m/2 and ||zm -z'm\\ < £m for every m; that is (zn) is (pm)-ordered in (xn) with pm > m/2 for every m. The proof of Lemma 2 is complete.
PROOF OF THEOREM I. By Lemma 2 we can suppose (xn) is 1-norming Mbasic. By Lemma 1 there exist an increasing sequence (tn) of positive integers, (hn) in B* and a block perturbation (yn) of (xn) so that (yn,hn) is biorthogonal, with ||j/tn|| = 1 and \\htn\\ < 2 for every n. Finally by Theorem I* there exists a block perturbation (zn) of (yn) which is uniformly minimal; obviously (zn) is still a 1-norming M-basis of X since it is a block perturbation of a block perturbation of (xn), hence it is also (pm)-ordered in (x"). The proof of Theorem I is complete. [fn]± is dense in B.
PROOF. Suppose (xn) and (/") are as in the proposition, in the particular case of X = Co with (xn) the natural basis of Co-Then it follows that Co is complemented in B, since dist(5(X), [/n]±) > 1/K where ||x"|| • ||/n|| < K < oo for every n. Now it is known that en. is not complemented in every n; it follows that dist(SÍXT), \fn]±) > 1/(2 + e).
We now consider the separable case. About the extension in a given direction we already proved [19, Example] that this is not possible for a uniformly minimal sequence; that is, it is not possible to improve Theorem II by extending Theorem II*. However this becomes possible for the norming property only. Indeed, We now prove Proposition 3 and Theorem II. We need three lemmas. Therefore, for every m and n,
But this is impossible by hypothesis, since (xn) is TsT-norming (see (f) in definitions section) which completes the proof of Lemma 3. The thesis will be proved if for (5) it is possible to proceed by induction; that is, it is possible to have (5) for m = 2, moreover it is possible in (5) to pass from the general m to m + 1. We can describe the induction by only one step, since the construction of (5) for m = 2 becomes a particular case of the general procedure, if we use the convention that for m = 1 we mean the initial situation, where the sequences (yn)n=i and COn^i do not appear.
We now prove the existence of (5) is uniformly minimal, \\zn\\ = 1 and zn = vn + wn for every n, where (vn) is a block sequence of (xn) and (wn) is a block sequence of (zn). We point out that (x") U (zn) is a block perturbation of a permutation of (x") U (wn), which is a block sequence of (xn) U (zn); hence (xn) U (zn) is 77"-norming M-basic, with 77" < 77'. Again we use Corollary 1 of [19] and there exists (/") U (gn) of B* such that (x", /") U (zn, gn) is biorthogonal, The thesis will be proved if for (6) it is possible to proceed by induction; that is, if it is possible to have (6) for p = 2, and, more generally, for p + 1. We can describe the induction by only one step, since the construction of (6) for p = 2 becomes a particular case of the general procedure if we use the convention that for p = 1 we mean the initial situation, where the sequences (vn, wn)™Zï > (fn, /i«)™=7 i (9n)n=\ do not appear; hence in (6) and in (7) Uf = U, Vf = V, Wf = W and ñf = dimension of U + 1.
We now prove the existence of (6) for p + 1 instead of p. We claim that there exist vmp, wmp of B and gp of B* so that ,, Vmp&S(Vp), WmpGS(Wp), \\vmp +WmJ\ < £p, gP(vmp) = 1 = Hffpll, Up<[gp}±.
By hypothesis there exist (zpn)^, of B and (lpn)n=i ol B* so that (9) Zpi G S(Vp) and Zpn G S(VP D [(WLÍU) for 1< n < ñp, where lpn(zpn) = 1 = ||/p"|| and dist(zpn,Wp) < £p/(ñp2n+1) for 1 < n < ñp.
By (7), (9) and by Theorem V* there exist vmp and gp so that We are going to prove that dist(vmp,Wp) < £p/4; then we set n-l gPi = Ipi and 9Pn =/p" -^/p"(zPfc)fifpfc for 1 < n < ñp; fc=i by (9) (zpn,9pn)"Li is biorthogonal, with \\gpf\\ = ||/pi|| = 1 and ||gpn|| < 1 + YlkZi llffpfcll for 1 < n < ñp; hence ||<7pn|| < 2n_1 for 1 < n < ñp since this is true for n = 1, after by induction ||gp"|| < 1 + X^í 2fc_1 = 2™"1. Therefore by (10) |Opn| = |9pn(Wmp)| < llSpnll < 2""1 for 1 < n < ñp; that is, by (9) and (10), ñp dist(ump,Wp) < ]P |ap"|dist(zp",iyp) < -^. n=l This means that there exists wmp in S(Wp) such that, by (10), we have (8) . By (8) and by hypothesis we point out that (11) \gp(wmp)\ > 1 -£p > 0.
We claim that there exist fmp,hmp in B* so that Let us now prove (13) when (14) wmp G Vp + Wpn[gp\±.
By (11) We claim that by (13) and (15) it is sufficient to verify that (16) By (14) and ( This completes the proof of Lemma 7.
The next lemma provides the key for the proof of Theorem III. (20) and (21) Therefore by (18) , (20) , and (21) U + V0 + W0C [lf}±, k(vf) = 1; that is in order to prove (17) it is sufficient to verify that ||/i|| < 1 + £. Indeed by (18) , (19) and (20) Since (ïin) is complete in B, there exists an integer mp+i > mp so that, setting vn = vPn for m'p +1 < n < mp+i -1 and wn = wpn for m'p +1 < n < mp+f -1, it follows that dist(ûn, [t>fc,u»fc]Sî1-1) < V2p for 1 < n < p.
In order to have (23) for p + 1 it is sufficient to set ln -lpn f°r mp < n < mp+f Now it is sufficient to apply Theorem I* to (22) and we have that there exist two block perturbations (xn) and (yn) of (vn) and (wn), respectively, so that (xn)U(j/n) becomes uniformly minimal; on the other hand (xn) U (yn) is still a 1-norming Mbasis of B; which completes the proof of Theorem III.
PROOF OF PROPOSITION 5. By the example of [19] there exists a Banach space B0 with two quasi complementary infinite dimensional subspaces X and Y so that (24) (zn) C S(Y) implies that (zn + X) has a convergent subsequence.
Fix e > 0 and let (yn) be complete in Y. We claim that there exists an integer n£ so that but this implies that (zk + X) cannot have a convergent subsequence, which contradicts (24) . This completes the proof of Proposition 5.
